Self-adjointness is shown of the momentum operator p The proof is carried out by generation of a unitary group in terms of ip , based on the Hille-Yosida theorem and Stone's theorem. The result is applied to the self-adjoitness of H = (p2 + x2)/2 .
Introduction and the main result
This paper concerns the self-adjointness of the operator: with a real constant c specified later. This operator, called the momentum operator, was expressed in this form by Yang [6] to deal with a one-dimensional harmonic oscillator system governed by the generalized commutation relations, due to Wigner: ip = [x, H] and -ix -[p, H]. 2 2 Here the Hamiltonian is of the classical form H = (p + x )/2, and x is assumed to be the multiplication by x. In the case of c = 0, p is a well-known example of a self-adjoint operator in 7 (R ) (see e.g. Yosida [7, p. 198] ). The purpose of this paper is to prove the following theorem, and then to apply it to the self-adjointness of the Hamiltonian H : Theorem 1. // \c\ > 1, then the operator p is self-adjoint on the set V = {ugH1(R1): w/xg72(r')}.
M1CHIAKI WATANABE AND SHUJI WATANABE
To begin with we study fundamental properties of p. A simple calculation shows that p is symmetric in (72(R' ),(■,•))• It is easY t0 verify that C{j°(Q) 1 2 1 with Q = R -{0} is dense in 7 (R ) and hence so is V .
Lemma 1. The following hold for A -ip: 2 1 (i) The domain D(A) (= V) of A is dense in 7 (R ) ; (Li) Re(Au,u) = 0 for ug D(A).
In the following, we shall show with the aid of the Hille-Yosida theorem that A generates a strongly continuous unitary group on 7 (R ) to obtain the selfadjointness of p(--iA) by Stone's theorem. To examine the range R(k -A) of A -A , we deal with the equation Thus our main task is to look for such functions as w, and u2 in the above.
Self-adjointness of the operator p
Let us consider the symmetric sesquilinear forms on V x V :
If \c\ > 1 , V becomes a Hubert space with each of the inner products bx(-,-) and b2(-,-) for a fixed Ag(?. Let VQ be the closure in V of C^°(Q). Then we have
for u,v G CC)G(Q) and hence for u,v G VQ. Using Riesz' representation theorem, we have that for given kG Q and / g 7 (R ) with / and / defined by (3), there exist unique ux and u2 in V0 satisfying, for all <j>, y/ G VQ ,
Here we have used
are continuous conjugate linear functional on V0 . Let us here examine the properties of ux and u2 to prove the following:
Lemma 2. // \c\ > 1, then we have
Proof. The proof is divided into three steps:
Step 1. First we shall show that ux is even and u2 is odd. In view of 77 = -DR and R(c/x) = -(c/x)R, we see
for all (p, tp G VQ . Thus the uniqueness of ux and u2 gives Rux=ux and Ru2 --u2.
Step 2. Next we will show that vx and v2 defined by K^'CZ+OD + c/xK), 
k(u2 -v2,y/) = (ux -vx,(D + c/x)y/) for all (¡>,y/ G VQ, from which (6) follows.
Step 3. Finally we prove that vx = ux and v2 = u2, that is, ux and u2 satisfy (2).
In the case of c > 1 , since c + c > 2, the following lemma is applicable to our oprator L(c + c) : (6), we obtain v2 = u2. Hence the first of (7) becomes (ux-vx ,cp) = 0 for all <f> G VQ . Since VQ is dense in 7 (R ), we obtain vx -ux .
In the case of c < -1 , since c -c > 2, a similar argument by the first of (6), the second of (7), and (8) We have shown in the above the self-adjointness of p and hence of p with 2 2 domain D(p ) = {u G V : pu G V} under the restriction \c\ > 1 . Clearly x is self-adjoint on D(x2) = {u G L2(R[): x2u G 72(R')} . As mentioned in the introduction, we shall discuss the self-adjointness of H as an application of the result for p, and then as a consequence of a similar argument for iH. In this section Okazawa's theory [4] plays an important role.
The following is a corollary of Theorem 1 :
Wx ={«g7(/?2):x2wg72(r')}. Proof. We will apply Okazawa's perturbation theorem [4, Theorem 5.4 ] to the nonnegtive self-adjoint operators p and x . An elementary calculation gives Proof. An easy calculation shows that Lemma 1 holds true with A -iH. To prove Lemma 2 with A = i H, we will look for wx and w2 in W2 satisfying (cf. (2) Let us turn to the proof of Theorem 3. Noting
we obtain the estimate similar to (9):
Re(L(k)u,nx~(n + x )~ u)>-(u,u) for u G 7(7) and n = 1,2,.... Hence Okazawa's perturbation theorem again gives the self-adjointness on W2 (= 7(7) n 7(x2)) of L(k) + x2 with k>3/4.
The operators 7(c2 + c) + x2 and 7(c2-c) + x2 are now self-adjoint and, by Stone's theorem, there exist unique wx and w2 in W2 satisfying (10). Evidently wx is even and w2 is odd, and wx + w2 is a solution of kw -2iHw = f 2 1 for every A G Q and / G 7 (R ). Therefore, as long as \c\ > 3/2, 7(A -iH) equals 72(R') for A G Q .
Thus we have proved Lemmas 1 and 2 with A = iH and \c\ > 3/2, and equivalently Theorem 3. Q.E.D.
As for the Hamiltonian H together with the momentum operator p, we refer the reader to the recent paper [8] .
